Abstract. The additive separation of variables in the Hamilton-Jacobi equation and the multiplicative separation of variables in the Laplace-Beltrami equation are studied for the complex projective space C P considered as a Riemannian Einstein space with the standard Fubini-Study metric. The isometry group of C P is SU(n + 1) and its Cartan subgroup is used to generate n ignorable variables (variables not figuring in the metric tensor). A one-to-one correspondence is established between separable coordinate systems on S and separable systems with n ignorable variables on C P. The separable coordinates in C P are characterized by 2n integrals of motion in involution: n of them are elements of the Cartan subalgebra of S U(n + 1) and the remaining n are linear combinations of the Casimir operators of n(n + 1)/2 different su(2) subalgebras of su(n + 1). Each system of 2n integrals of motion in involution, and hence each separable system of coordinates on CP , thus provides a completely integrable Hamiltonian system. For n= 2 it is shown that only two separable systems on CP exist, both nonorthogonal with two ignorable variables, coming from spherical and elliptic coordinates on S2, respectively.
1. Introduction. The purpose of this paper is to discuss the problem of separation of variables for the Hamilton-Jacobi equation (1.1) giJSx,SxJ=e on a complex projective space C p n with respect to the standard Fubini-Study metric. Indeed we will prove that every separable coordinate system on C P with n ignorable coordinates comes from a separable coordinate system on the real projective space R P or equivalently on the real sphere S . Conversely, every orthogonal separable coordinate system on S induces a nonorthogonal separable coordinate system on C P with n ignorable coordinates. Moreover, we prove that for C P 2 these are all possible separable coordinates.
Also of interest is the separation of variables problem for the Laplace-Beltrami equation (1.2) A-E, 94 c.P. BOYER, E. G. KALNINS AND P. WINTERNITZ where the function W is independent of x j for vj. This is sometimes referred to as additive separation as opposed to multiplicative separation [3] [4] [5] of (1.2) . There are two natural types of coordinates [1] [2] [3] [4] [5] : (1) Ignorable coordinates x for which Ox.gij=0. (2) Essential coordinates x for which Oxogijv0. Ignorable coordinates are naturally associated with abelian infinitesimal isometries [6] . [7] that associated with every orthogonal separable coordinate system there is an n-dimensional vector space of locally defined second order contravariant symmetric C tensor fields Al,.-.,A, one of which is the metric itself and which mutually commute with respect to the induced Lie bracket [3] . Recently [1, 2] this has been extended to nonorthogonal separable coordinate systems where both first and second order tensor fields must be allowed. Furthermore, practical criteria have been given to determine precisely which tensor fields give rise to separation of variables [2] , [8] . Up to now this is purely local; however, we will say that a separable coordinate system {x } is globally admissible if the locally defined tensor fields A1,'-',A extend to global C oo tensor fields on M. For the purpose of separation of variables it is convenient to consider the cotangent bundle T*(M) with its canonical symplectic structure [9] . Let Second, C p is of considerable interest in physics. For n--2 C P2 has recently been used as a model for a gravitational instanton [14] , [15] . 2 .+l (1 + 
where Izl=-Izl + +lzf, we obtain the usual Fubini-Study metric [16] on C Pn, viz.
where we are employing standard vector notation.
Consider again the Hopf fibration (2.4 3. Hamiltonian systems. In this section we discuss the relation between the free Hamiltonian on C P" and a singular Hamiltonian on R P" with a certain inverse square potential. This relation is an example of a general procedure in classical mechanics known as reduction of the phase space. Although this procedure is classical, it has only recently been understood in its proper context in the work of Marsden and Weinstein [17] and Kazhdan, Kostant, and Sternberg [18] . In the latter work this technique was used to obtain completely integrable Hamiltonian systems. Our interest is the classical method of reduction of the phase space by ignorable coordinates and then using separation of variables in the reduced system to give certain completely integrable Hamiltonian systems.
We briefly outline the reduction technique. For a more detailed treatment we refer to the literature [9] , [17] , [18] . Let [17] , whereas the reduction technique of [18] , is more general in that one chooses a co-adjoint orbit (9 of * rather than a point u. In the case considered below the two techniques coincide since the group G is abelian.
Let us see how reduction applies in our case. The symplectic manifold in question is P T*(C P"), the contangent bundle of C P". The symplectic 2-form is f] dO where 0 is the canonical 1-form on T*(CP"), G--T the maximal torus in SU(n+ 1) and its action on P is Hamiltonian since P is a cotangent bundle. We can characterize T*(CP") in homogeneous coordinates (o, .,ton+l) by using the Hopf fibration. Identifying T,oI(C P) and Tt,,I(C P") canonically by using the metric on C P, T*(C pn) can be identified with set of points ([0],p) satisfying
The moment map " T*(C P") * is given in homogeneous coordinates by (3.4) Oi ([ o ] ,p) 0pg-0gp; (no sum) where t*--iN is the dual of the Lie algebra t, of T n. Notice that E;-0, so (x) is in t,* C t*,+ and we can check that is G-equivariant. Now pick a regular point (d has rank n) u-(iu,...,iu,+)t*, uN, with E'___+d ug-0 and look at -(u). We may choose uv0 for all i= 1,...,n+ so on -(u) we have 0iva0. -(u) is a 3n-dimensional manifold. The isotropy subgroup G of G--T, is T itself since G= T, is a maximal torus. Moreover, since to 4:0 on -(u), T Hu= Yi 2+ --,
The fact that this Hamiltonian does not extend to a regular Hamiltonian on all of T*(P ) reflects the fact that the moment map (3.4) is singular along the surface w=pi-0 as well as the fact that the coordinates (2.10) break down at si-0. Now consider the Lie algebra homomosm su(n + 1) C(T*(C P)) sending su(n+ 1)C(T*(CP)). Lie brackets in su(n+ 1) go over to Poisson brackets on C(T*(C P)). Ts induces a homomosm of U(su(n+ 1)) C(T*(C P)) with multiplication in U going over to symmetric multiplication in C(T*(C P)). In particular, we are interested in the image of U(su(n + 1)) S2(su(n + 1)). Let C C C(T*(C P)) denote the subspace consisting of homogeneous polynomials in the p's of degree 2. Denote by S2(su(n + 1)) the image of S(su(n + 1)) in C. We can check that ts map is injective.
Denote by the images of c in S2(su(n+ 1)) and by the image of C. On real projective space RP consider the isometry group SO(n+ 1) and its Lie algebra so(n+ 1). Let (L} with i<jn+ 1, be the basis for the Lie algebra so(n+ 1) of functions on T*(R P) given by (4.4) -s,y-sy, where (s,yi) are given by Q.5)z Using the notation of (3 .2) Proof. This follows directly from i*(A,B) =r*u {Au,Bu). 5 . Basic theorems about separable coordinates. It is clear that an understanding of the separable coordinate systems on C P" entails an understanding of the separable coordinates on R P" or equivalently S ". A study of all separable coordinate system on S" is-currently in progress and we will here state and use a theorem whose proof will appear elsewhere.
On T*(S n) the subset of functions spanned (over R) by the functions (4.4) form a subalgebra of C(T*(Sn)) under Poisson bracket isomorphic with o(n + 1). By abuse of notation we will denote this subalgebra by o(n + 1). Since the manifold S is class one [8] , all second order constants of the motion are in S2(o(n+ 1) (4) and (5) 2) in involution. Furthermore, there is a bijective correspondence between orthogonal separable coordinate systems on U and separable coordinate systems on C P with n ignorable coordinates.
Before giving the proof of this theorem we will give some geometric background.
Let x be an orthogonal separable coordinate system for the free Hamiltonian H0 on S n. Then all constants of the motion A,...,A, are in @. The condition that A,...,A n be linearly independent (locally) means that A,..-,A span an n-plane in n(n+ 1)/2-space. Clearly, changing the Ai's by any GL(n,) transformation does not alter the coordinate system. We have thus determined a point of the Grassmanian G(n, n(n + 1)/2) of n-planes in n(n + 1)/2 space. Using I/ as a basis for 63, we write where the sum is taken over the cyclic permutations on (i,j,k), and <-i <j <k<_n + 1.
Proof of Theorem 3. Let {-l =,J2,"" ",n} be n functions in ( where the constants e satisfy e <(x <e2< <x"<e "+. These are known to separate variables [7] on S ". B. n 2. It is well known [19] , [20] that there are precisely two separable coordinate systems on S 2, spherical and elliptical coordinates. Thus by Theorem 3 we get two separable coordinate systems on C P 2. We will now show that these are all the separable coordinate systems on C P 2. In fact we will prove a more general result relevant to the study of selfdual gravitational instantons. We will make use of the classification of canonical forms for four dimensional manifolds given in [5] . Since we are dealing with a Riemannian (positive definite) metric, the only relevant types are B, C,F and H of [5] . Before stating and proving our result we give some background. Let V 4 be a four dimensional Riemannian manifold. Due to the local isomorphism between the groups SO(4) and SU (2) The remaining n constants of motion A (including the Hamiltonian (1.1)) can be interpreted as second order operators in the enveloping algebra of su(n + 1). Writing the infinitesimal generators of su(n + 1) as (again by an abuse of notation) (7.6) Tik--Eik--Eki, Sik=i(Eik+Eki), Hik:i(Eii--Ekk ) <-i<--k<-n+ 1, in the defining representation of su(n+ 1), we can write the quadratic constants of motion as n independent linear combinations of the n(n + 1)/2 Casimir invariants (7.7) (2) algebras (7.6). Thus (7.8) Ar: X akcik, <_r<_n. obtain relations for special functions, in particular addition formulas [26] . But now more poweful methods are at our disposal. We can use the techniques of [12] by constructing a simple model of S U(n / 1) acting on the sections of certain holomorphic line bundles over C p and relate this action to the action on harmonic polynomials--namely the Jacobi polynomials. Furthermore, we have many more sets of bases than that given by spherical coordinates. A detailed study of tractable coordinates should give a wealth of special function identities.
2. The approach of this article has been to Hermitian hyperbolic spaces HH(n). The noncompact group SU(n, 1) then plays the role that SU(n+ 1) plays for CP(n). The results are much richer for HH(n) mainly because su(n, 1) has n+2 different mutually nonconjugated maximal abelian subalgebras [27] - [28] , each of them being of dimension n and leading to different types of coordinate systems with n ignorable variables [29] .
3. Separation of variables on a sphere S is being studied for arbitrary n (the results are at present known only for n--2, 3, and 4) [30] .
